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The Toda lattice is a nonlinear but integrable system. Here we study the thermalization problem
in one-dimensional, perturbed Toda lattices in the thermodynamic limit. We show that the ther-
malization time, Teq, follows a universal law; i.e., Teq ∼ ǫ
−2, where the perturbation strength, ǫ,
characterizes the nonlinear perturbations added to the Toda potential. This universal law applies
generally to weak nonlinear lattices due to their equivalence to perturbed Toda systems.
I. INTRODUCTION
The problem of thermalization in weak nonlinear sys-
tems has a long studying history but is still far from being
resolved. The first numerical experiment, aiming to ob-
serve the rates of mixing and thermalization in a system
of reversible microscopic dynamics, was accomplished in
the 1950’s by Fermi, Pasta, Ulam (FPU) [1], and Tsin-
gou [1, 2]. Their numerical results showed very little ten-
dency toward equipartition of energy among the degrees
of freedom, which is known as the FPU recurrence [1–9].
This seminal work failed to observe the expected picture
but opened up two entirely new research fields: nonlinear
science [9–16] and computational science [17, 18].
Many efforts have been made to explain FPU’s re-
sults [1–31] and many theories have been put forward for
understanding the relaxation problem, e.g., the soliton
theory [9], the Chirikov resonance overlap theory [12, 13],
the mode-coupling theory [19], the q-breathers the-
ory [20, 21], as well as the Kolmogorov-Arnold-Moser
theorem [22, 23] enunciated by Kolmogorov at nearly
the same time of FPU’s work. However, the original
goal of the FPU problem, that is, to answer whether
a simple dynamical system can reach the thermalized
state at arbitrarily weak nonlinearity and what proper-
ties the equipartition process may have, have not been
achieved. To this end, some studies are inconsistent with
each other [23]. For instance, for the FPU-β model,
while Berchialla et al. showed that the equipartition time
Teq depends on the energy density ε in a stretched ex-
ponential law in the thermodynamic limit, i.e., Teq ∼
exp(−ε1/4) [32], DeLuca et al. suggested a power-law re-
lationship Teq ∼ ε
−3 instead [33]. Benettin et al. indi-
cated however a crossover from the stretched exponen-
tial law, Teq ∼ exp(−ε
1/4) for the FPU-β model and
Teq ∼ exp(−ε
1/8) for the FPU-αβ model, respectively,
to the power-law Teq ∼ ε
−9/4 for both cases [34, 35].
Recently, the power-law relationship is affirmed [36–39]
based on the wave turbulence (WT) theory [40–45]. It
was shown analytically that the exact nontrivial six-wave
resonant interactions are responsible for thermalization
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of short FPU chains in the weak nonlinear regime and,
consequently, lead to Teq ∼ γ
−8 for the FPU-α [36] and
Teq ∼ γ
−4 for the FPU-β [37] model, where γ is the
nonlinearity strength defined, respectively, as γ = αε1/2
and γ = βε for the two models (α and β are the coef-
ficient, respectively, of the cubic and quartic nonlinear
term). These results imply that any weak nonlinearity
can ensure the system to be thermalized eventually. It
was further conjectured (but not verified) that the non-
trivial four-wave resonant interactions would dominate
the thermalization process in the thermodynamic limit,
leading to Teq ∼ γ
−4 and Teq ∼ γ
−2 for the FPU-α [36]
and FPU-β [37] model, respectively.
These conjectures were partially verified in a very re-
cent effort [46] where it was found that in the thermody-
namic limit, a universal law, Teq ∼ γ
−2, applies generally
to a class of one-dimensional (1D) lattices with interac-
tion potential V (x) = x2/2 + λxn/n, where n ≥ 4 is an
integer and γ = λε(n−2)/2 is the nonlinearity strength. It
also applies to another class of 1D lattices with symmet-
ric interaction potential V (x) = x2/2 + λ|x|d/d, where
d = m1/m2 > 2 with m1 and m2 being two coprime
integers and the nonlinearity strength γ = λε(d−2)/2.
The existence of this universal law strongly confirms
the assumption that the exact nontrivial wave-wave res-
onances dominate thermalization. However, it was also
found that for a lattice with asymmetric potential inter-
action, though Teq still depends on γ in a power law, the
exponent deviates from −2. In addition, the numerical
result Teq ∼ γ
−4.6 for the asymmetric FPU-α model [46]
deviates from the conjectured Teq ∼ γ
−4 [36] seriously as
well.
Note that in all these works, the studied nonlinear
model was considered to be a perturbed harmonic lat-
tice. The harmonic lattice is integrable and linear. How-
ever, for a given nonlinear model, it can also be viewed
alternatively as a perturbed Toda lattice [47] that is in-
tegrable but nonlinear. Interestingly, for some models,
taking the latter viewpoint has been shown to be more
consistent. The FPU-α model is a good example, for
which supporting evidence from various aspects, e.g., by
a normal mode approach [48], by the Lyapunov exponent
analysis [49–51], and by thermalization process compar-
ison [34, 35], has been found. In particular, as inspired
by Refs. [34, 35], we have revisited the previous studies
2of thermalization and found that they strongly suggest
the FPU-α model (the case of n = 3 in Ref. [46]) be
viewed as the perturbed Toda lattice while other models
as perturbed harmonic lattices. Given this, we were led
to the conclusion that Teq ∼ γ
−2 generally applies to the
perturbed harmonic lattices in the thermodynamic limit
but not to the systems out of this class [46].
In the present work, we study systematically the ther-
malization rate of 1D perturbed Toda lattices in order
to find whether there exists a universal law of Teq for
this class as well and if the answer is yes, how it dif-
fers from Teq ∼ γ
−2 applicable to the 1D perturbed har-
monic lattices. In the following, we will first introduce
the models in the next section, then provide our theo-
retical arguments in Sec. III. The numerical approach, as
well as simulation results, will be described and presented
in Sec. IV, followed by the summary and discussions in
Sec. V.
II. THE MODELS
We study the perturbed Toda models with potential
V (x) = VT (α, x) + θnx
n/n, and n ≥ 3, (1)
where
VT (α, x) =
e2αx − 2αx− 1
4α2
(2)
is the Toda potential [47] with α being a free parameter
and θn is the coefficient of the perturbation. The Toda
potential can be expanded as Taylor’s series:
VT (α, x) =
x2
2
+
αx3
3
+
∞∑
n=4
θTnx
n
n
, (3)
with the coefficients
θTn =
(2α)n−2
(n− 1)!
. (4)
From Eq. (3), we can see that the harmonic model is a
special case of the Toda model when α = 0. For this rea-
son, any nonlinear model can be regarded as a perturbed
Toda model as well.
To make our analysis more generalisable, we also study
the generalized FPU model [34] with potential
VgFPU(x) =
x2
2
+
αx3
3
+
∞∑
n=4
θnx
n
n
, (5)
where α and θn are free parameters. In principle,
any smooth nonlinear potential can be written in this
form. Comparing with the perturbed Toda model given
by Eq. (1) whose potential is perturbed only in a sin-
gle high-order term, the potential of this model can be
perturbed in multiple high-order terms.
III. DEFINITION OF PERTURBATION
STRENGTH AND THEORETICAL ANALYSIS
The Hamiltonian of our systems can be written as
H = H0 +H
′, (6)
whereH0 andH
′ denote, respectively, the integrable part
and the perturbation. Intuitively, the larger the pertur-
bation is, the easier the system will be thermalized. A
conventional practice is to take the Hamiltonian of the
harmonic lattice asH0 and defines the rest nonlinear part
as the perturbation. However, the nonlinearity may not
always be a good indicator to characterize the equiparti-
tion time. For example, the Toda model can own a very
strong nonlinearity but will never be thermalized due to
its integrability. Therefore, it is more reasonable to de-
fine perturbation strength as the nonintegrability, in-
stead. To this end, it would be superior to adopt the
Hamiltonian of the Toda model as H0. This scenario is
general; it also covers the conventional one where H0 is
the Hamiltonian of the harmonic lattice when α = 0. The
definition of perturbation strength for different cases is
given below:
The perturbed Toda model with n ≥ 4.—We get the
perturbation by comparing Eq. (1) and Eq. (3) as
H ′ =
θnx
n
n
. (7)
By normalizing the Hamiltonian, i.e., by rescaling the
relative displacement with the energy density so that
x′ = ε1/2x, we can obtain the dimensionless perturba-
tion strength as
ǫn = |θn|ε
(n−2)/2. (8)
The perturbed Toda model with n = 3.—For this case,
Eq. (1) can be rewritten in Taylor’s series as
V (x) =
x2
2
+
(α+ θ3)x
3
3
+
α2x4
6
+
α3x5
15
+ · · · . (9)
To set α˜ = α + θ3 and with the help of Eq. (4), we can
get another Toda potential much closer to the perturbed
system than the original one:
VT (α˜, x) =
x2
2
+
α˜x3
3
+
α˜2x4
6
+
α˜3x5
15
+ · · · . (10)
Comparing Eq. (9) with Eq. (10), we get perturbation
H ′ =
ǫ4x
4
6
+
ǫ5x
5
15
+ · · · , (11)
where
ǫn = |(α+ θ3)
n−2 − αn−2|ε(n−2)/2, n = 4, 5, · · · , (12)
denotes the nth-order perturbation strength. Note that
the leading perturbation is still of the 4th-order for n = 3.
3Comparing with ǫn ∼ |θn| for the case of n ≥ 4 at a fixed
ε, here ǫn has a more complicated relationship with θ3.
The generalized FPU model. — Similarly, comparing
Eq. (5) with Eq. (3), the perturbation can be identified
to be
H ′ =
∞∑
n=4
ǫn
xn
n
, (13)
where ǫn is the dimensionless strength of the nth-order
perturbation, given by
ǫn = |θn − θ
T
n |ε
(n−2)/2, n = 4, 5, · · · ,∞. (14)
Again, for this case the 4th-order perturbation is the low-
est order one. For the FPU-α model, the leading pertur-
bation strength is ǫ4 =
2
3α
2, which is very different from
the nonlinear strength α with respect to the linear inte-
grable (harmonic) model.
Now let us evaluate the equipartition time. Based on to
the WT theory, it has been proved that either there are
no resonances, or all of the scattering matrices are zero
at all orders on the resonant manifold for integrable sys-
tems [52] so that they are characterized by trivial scatter-
ing processes and are never thermalized [36]. All the scat-
tering matrix being zero is broken when the integrable
system is perturbed. We assume that the exact nontriv-
ial n-wave scattering processes caused by the nth-order
perturbation, in the thermodynamic limit, dominate the
thermalization process of the perturbed system. Then
based on the theoretical results derived from the WT
theory [36–38, 46], the time scale of equipartition is
Teq ∝ ǫ
−2
nL , (15)
where ǫnL and nL denote, respectively, the strength and
the order of the leading perturbation. Hereafter we will
show that the above assumption is supported by exten-
sive numerical simulations.
IV. NUMERICAL METHOD AND RESULTS
For a homogeneous lattice we consider here that con-
sists of N +1 particles of unit mass, labelled 0, 1, 2, · · · ,
N from the left to the right, its Hamiltonian is
H =
N∑
j=1
[
p2j
2
+ V (qj − qj−1)
]
, (16)
where pj and qj are, respectively, the momentum and
the displacement from the equilibrium position of the
jth particle, and V is the nearest-neighboring interaction
potential.
For the fixed boundary conditions, i.e., q0 = p0 = qN =
pN = 0, the normal modes are defined as

Qk =
√
2
N
∑N
n=1 qn sin
(
nkpi
N
)
,
Pk =
√
2
N
∑N
n=1 pn sin
(
nkpi
N
)
.
(17)
To each mode k one can associate a harmonic energy
Ek =
1
2
(
P 2k + ω
2
kQ
2
k
)
(18)
and a phase ϕk defined via
Qk =
√
2Ek/ω2k sin (ϕk), Pk =
√
2Ek cos (ϕk). (19)
Following the definition of equipartition, one expects
lim
T→∞
E¯k(T ) ≃ ε, k = 1, · · · , N, (20)
where ε = E/(N − 1) is the energy density (E denotes
the total energy of the system) and E¯k(T ) represents the
time average of Ek up to time T ; i.e.,
E¯k(T ) =
1
(1− µ)T
∫ T
µT
Ek(P (t), Q(t))dt. (21)
Here µ ∈ [0, 1) controls the size of time average window.
In our numerical simulations, µ = 2/3 is fixed, which
not only can speed up the calculations, but also has the
advantage of a quicker loss of the memory of the very
special initial state as proposed in Ref. [34].
Based on the defined E¯k(T ), we need introduce a pa-
rameter to measure how close the system is to equiparti-
tion. A frequently used parameter is the effective relative
number of degrees of freedom [53, 54]. Here we employ
the quantity ξ(t) as in Ref. [34], i.e.,
ξ(t) = ξ˜(t)
eη(t)
N/2
, (22)
where
η(t) = −
N∑
k=N/2
wk(t) log[wk(t)] (23)
is the spectral entropy and
ξ˜(t) =
∑N
k=N/2 E¯k(t)
1
2
∑
1≤k≤N E¯k(t)
, wk(t) =
E¯k(t)∑N
j=N/2 E¯j(t)
. (24)
When equipartition is approached, ξ will saturate at 1.
To integrate the motion equations numerically, we take
the eighth-order Yoshida method [55]. The typical time
step is ∆t = 0.1; the corresponding relative error in en-
ergy conservation, when all modes are excited and do
contribute to the total energy, is around 10−5. A further
decrease of the time step by one order of magnitude, i.e.,
∆t = 0.01, does not change the results. To suppress fluc-
tuations, the average is done over 24 phases uniformly
distributed in [0, 2π], and we use 〈·〉 to denote the ensem-
ble average results. Initially the lowest 10% of frequency
modes are excited, α = −1 and N = 2048 are kept fixed
throughout for all the numerical results presented. We
have checked and verified that no qualitative difference
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FIG. 1. (a) The function 〈Ek(t)/ε〉 versus k/N at various times for the Toda model. (b) and (c) show the results for the
perturbed Toda model with n = 3 and n = 4, respectively. In (b), θ3 = −0.05 (solid lines) and 0.05 (dot lines), respectively;
In (c), θ4 = −3 (solid lines) and 3 (dot lines), respectively. For all the cases ε = 10
−3.
will be resulted in neither when the percentage of the
excited modes is changed nor when the system size is
increased further.
In Fig. 1(a), the results of 〈Ek(t)/ε〉 versus k/N for
the Toda model are presented. It can be seen that only a
small portion of the energy spread quickly from the ini-
tial excited low-frequency modes to the high-frequency
modes, then the energy profile keeps a stable localized
form with an exponential decaying tail. It suggests that
for the Toda model, the thermalized state can never be
reached. In Fig. 1(b), the results for the perturbed Toda
model with θ3 = −0.05, ǫ4 = 1.025 × 10
−4 (solid lines)
and θ3 = 0.05, ǫ4 = 0.975 × 10
−4 (dotted lines) are
plotted. It can be seen that thermalization is faster ap-
proached in the former case as a consequence of the tiny
difference of ǫ4, suggesting that the thermalization rate
depends on the perturbation strength sensitively. It can
also be seen that the energy of low-frequency modes re-
mains for a long time and the energy of high-frequency
modes increases very slowly, known as a signature of the
metastable state [34, 35, 56–58]. Nevertheless, the sys-
tem will be thermalized eventually. As a comparison,
Fig. 1(c) shows the results of the perturbed Toda model
with θ4 = −3, ǫ4 = 3 × 10
−3 (solid lines) and θ4 = 3,
ǫ4 = 3 × 10
−3 (dotted lines). Note that the thermaliza-
tion rates of the two cases keep the same as the pertur-
bation strengthes are identical. In addition, the system
is fully thermalized at time T ∼ 107, when 〈Ek/ε〉 = 1.
To obtain the equipartition time, we study the prop-
erties of 〈ξ(t)〉 defined by Eq. (22). Figure 2(a) shows
the results for the perturbed Toda model with θ3 = 0.5.
By varying energy density, ε, ǫn is changed. Note that
on a sufficiently large time scale, all values of 〈ξ(t)〉 in-
crease from 0 to 1 with very similar sigmoidal profiles.
It suggests that energy equipartition is finally achieved.
Meanwhile, when the energy density decreases, the time
required to reach the thermalized state increases. Now
we adopt the definition of the equipartition time, Teq,
as that when 〈ξ(t)〉 reaches the threshold value 0.5 as
in Refs. [34, 59]. Though assuming the threshold value
0.5 is artificial, it does not influence the scaling law of
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FIG. 2. (a) The function 〈ξ(t)〉 for the perturbed Toda model
with θ3 = 0.5 and different energy density ε in the semi-log
scale. (b) The same as (a) but the curves are shifted properly
in the horizontal direction (with that for ε = 0.004 unshifted)
so that they overlap with each other perfectly.
Teq [23]. This can be seen from Fig. 2(b), where the sig-
moidal profiles in Fig. 2(a) can overlap with each other
upon suitable shifts, which suggests that the concrete
threshold value does not affect the scaling exponent of
Teq. With these preparations, we are ready to present
the results of Teq as a function of ǫn.
In Fig. 3(a), the numerical results of Teq as a function
of θ3, θ4, θ5, θ6, and θ7 are shown in semi-log scale for
the perturbed Toda model. As for a given energy density,
Teq for different n could be remarkably distinct, here we
adopt different energy density for different n in order
to present all the data in a single picture. We can see
that all the numerical points can be well fitted with a
Λ-shape curve of form Teq ∼ |θn|
−2 for n ≥ 4 and Teq ∼
|(θ3 − 1)
2 − 1|−2 for n = 3, respectively, which is exactly
what predicted by Eq. (15) when Eq. (12) and Eq. (8)
for the two cases, respectively, are substituted into. The
data of Teq are also plotted versus ǫn in Fig. 3(b) in log-
log scale. Note that all the points fall on the lines with a
slope of −2, suggesting Teq ∼ ǫ
−2
n holds for all the cases.
As shown by Eq. (12), the relationship between ǫn and
θ3 is very complicated. Next, we will carefully check if
this relationship is true in a wider parameter range.
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Figure 4(a) shows Teq versus θ3 in a large parameter
range, where three peaks of Teq can be clearly recognized.
In order to understand the underlying mechanism for the
formation of these peaks, we plot ǫn as a function of θ3
[see Eq. (12)] in semi-log scale in Fig. 4(b). The first
peak resides at θ3 = 0, corresponding to the integrable
point of the Toda lattice, i.e., ǫn = 0 for all n. The the-
oretical prediction gives Teq ∼ ǫ
−2
4 ∼ |(θ3 − 1)
2 − 1|−2
near this point, which agrees very well with the numer-
ical results [see Fig. 4(a)]. It is amazing to realize that
this theoretical result also predicts the location and the
height of the third peak near θ3 = 2 = −2α, which cor-
responds to the special point of ǫn = 0 for all even n [see
Fig. 4(b)]. Near this point the perturbed Toda model
is very close to its ‘mirror image’ that adopts a minus
α in the Toda potential [see Eq. (2)]. In particular, for
θ3 = 2, the perturbed system can be regarded to have
a mirrored Toda potential with additional the fifth and
higher odd order perturbations [see blue dashed line and
green dashed dots line in Fig. 4(b)]. Note that the third
peak is not located at θ3 = 2 exactly due to the influence
of high order resonances becoming non-negligible near
this point. The middle peak is near θ3 = 1 = −α, where
the cubic coefficient is approximately zero. Namely, the
perturbed system is close to the linear integrable point
(harmonic lattice) and hence has an approximately sym-
metric potential, such that the additional energy mixing
channel introduced by the asymmetry of interaction po-
tential [46] is closed and thus gives rise to the middle
peak.
So far our investigation has suggested that thermal-
ization of weakly perturbed Toda lattices follows a com-
mon feature, i.e., Teq ∝ ǫ
−2. This general behavior co-
incides completely with that for the perturbed harmonic
lattices [46]. The validity of our theoretical analysis can
be further tested in the generalized FPU models, and
meanwhile we find that it also gives satisfactory expla-
nations to the numerical results reported previously [34].
Figure 5 summarizes the numerical results of the gen-
eralized FPU model. Figures 5(a)-(d) show Teq as a func-
tion of θ4, θ5, θ6, and θ7 in semi-log scale, at two different
energy densities, respectively. In Fig. 5(a) and (e), the
results for repeating the previous study in Ref. [34] are
presented, and extended study results are presented in
Figs. 5(b)-(d) and (f)-(h). From (a) to (d), each figure
shows a very marked peak near θTn , and all the numerical
points are well fitted with Teq ∼ |θn − θ
0
n|
−2. But the
center of the peak is not exactly at θTn , which is mainly
because the effect of higher order resonances becomes in-
creasingly significant as θn tends to θ
T
n . However, with
the increase of n the difference between θ0n and θ
T
n de-
creases due to the fact that the higher the order, the
weaker its effect [see the values indicated in Figs. 5(a)-
(d)]. In Figs. 5(e)-(h), Teq is redrawn as a function of ǫn
that is defined by Eq. (14) with θTn being replaced by θ
0
n,
considering the higher order correction. Note that all the
data points fall onto the lines with slope −2, suggesting
that again, Teq ∼ ǫ
−2
n is confirmed convincingly.
Notice that expression (15) can converge to the the-
oretical results of Ref. [46], i.e., Teq ∝ λ
−2ε−(n−2) for
n ≥ 4, which can be regarded as a perturbed linear in-
tegrable systems, i.e., a special case of α = 0 in our
study here. What is interesting is that the FPU-α
model with α 6= 0 and θn = 0 is covered by expression
(15) automatically. In this case, from Eq. (15) we have
Teq ∝ ǫ
−2
4 = |0 − θ
T
4 |
−2ε−2 = 4/9α−4ε−2, which is the
same as that given in Refs. [36, 46].
V. SUMMARY AND DISCUSSIONS
In this work, we have shown that thermalization of
a 1D weak nonlinear lattice exhibits a universal feature
in the thermodynamic limit, i.e., Teq ∝ ǫ
−2, where ǫ is
the perturbation strength defined as the difference in the
potential of the system from the Toda potential. This
universal behavior supports the assumption within the
WT framework that the exact nontrivial wave-wave res-
onances dominate the thermalization process of a weak
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−2,
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The solid lines with slope −2 are drawn for reference. The letters L and R in the legend indicate the points to the left and
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nonlinear lattice. The key to identify the universal ex-
ponent −2 is to select the Toda lattice as the reference
integrable system. In doing so, the third order nonlinear-
ity has been found to be so crucial that it governs how
we should assign the reference integrable system consis-
tently. In particular, the system with (without) the cubic
term of interactions should be regarded to be the per-
turbed Toda (harmonic) model. Comparing with previ-
ous studies, the resultant thermalization law (Teq ∝ ǫ
−2)
provides a unified and consistent picture for thermaliza-
tion of one-dimensional nonlinear chains.
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